Asymptotic Theory
Greene Ch. 4, App. D, Kennedy App.Rscripts:module3sla, module3slb, module3slc, module3sld

Overview of key concepts

Consider a random variabbe that itself is a function of other random variabéesl sample sizen" (e.g

the sample mean, or the sample variance). Suamdamavariable is called &é&quence random
variabl€’, since its outcome depends also oh “

We're interested in the propertiesxgfasn — « . There are two possible scenariosx(itan “converge
in probability” to some constant or (ii) “converge in distribution” to another @dom variable X’. Most
estimators used in practice converge in probability

If x, converges ta, we call the distribution of the “limiting distribution” ofx,. However, for most
estimators of interest we don't know or cannotwdetinis limiting distribution. This also includes
estimators that converge in probability — a sirgglike over a constant c is not a very excitingsaful
distribution! In that case, we derive instead theting distribution of &unctioninvolving x, (i.e. a

popular one is/n(x, - ¢}, wherex, is a sample statistic arak=plim(x,) ) . This function does not
collapse to a spike.

This limiting distribution is exactly correct as. « . We use it to derive the “approximate” distrilouti
(or “asymptotic” distribution) ok, itself that holds approximately for finite". Then from that, we can
get the “asymptotic expectation” (for example teess “asymptotic unbiasedness” or "consistencyt, la
the “asymptotic variance” (for example to assegysasotic “efficiency”).

Finally, we can then use these properties to coenghiffierent estimators, and to perform hypothesssst

Convergence in Probability

A sequence random variabl, converges in probability to constant «
lim prob(|x, - ¢>£)=0 Oe>0 (1)

In words, as n increases it becomes increasindilgaiy for x,, to be “far” from c ( here is just some
arbitrary constant, say 0.001, not an error terthjl) holds, we sayglim x, = c”, or “X, is consistent for

”

c.

Example: Consider the following binary mixturetdizution:

prob()gzo)zl—% prol x = 0:%

Clearly, asn - « itis less and less likely thag, = n. Since there are only two possible outcomes for
X, , it must be thaplim x, =0.

“Plims” are generally difficult to derive directlfaut the following sufficient condition helps in sto
practical cases:

If x,has meary, and variances?such that the ordinary limits gf,, and g7 are c and 0
respectively we say that, "converges in mean square error” (or “convergeguadratic mean”) to and




plimx, =c ‘

So convergence in MSE implies convergence in pritibatbut the reverse is not necessarily true).

Example: For a sample mean of values drawn framy distribution with meanuand varianceo?, we
have:

R=ix Ex)ma VR
lim E(x,)=u Liinmv(xq):o

So by convergence in MSE, the sample mgda & consistent estimator of the population meHme
sampling distribution of the sample mean convetgesspike aiz as the sample size goes to infinity ->

seeR scriptmodule3sla

This notion extends to the mean of any functioa gfven random variable. Specifically, for any
function g(x) , Where x is some random variable (not necessarsgquence RV), iE(g( x)) and

V(g(x)) are finite constants, theplim %Zn:g(x) =E(g(%).

i=1
Example: Consider a normally distributed Rith meany and variance 1. It is known that
E(exp(x)) = exd{u+1) , V( expx)= exp @2+ 2 efps2+ )

Thus: pIim%Zn:(eXF(Xi)): expu+3)

i=1

Note: The above results are specific examplet.aivs of Large Numbers” (LLNs)These laws make
statements about the behaviorawtrageof samples when sample sizes become very large.

Slutsky Theorem

For any continuous functiog(x,) that is itself not a function af, we haveplim g(x,) = g(plim x,). |

This is an important LLN-type result, which allows to find plims for highly nonlineag,’s. In fact,
often times we can’t even derive analytical residtghe expectation of such an Thanks to the
Slutsky theorem, we can at least say somethingtabewconsistency of..

%2\ plimx2 _(pim%)* 42
7 ) "o

Let x=1Y " x and ¢=-L3"(x-¥*. Then:plim =
™ 2.6 P [s plims  plim &



Convergence in Distribution / Limiting Distribution

Assume we draw a samplerok’s from some distribution, and compute the sequétiée, (mean,
median, etc.). Then we repeat this process maagyriimes to get a sampling distribution fqr(jxist

like we do in scripmodule3s1p Assume this series of s has a cumulative distribution functid® (x)
, which is likely unknown. Consider another (n@asence) R\ with cdf F (x).

We say thak, converges in distribution (CIDp x if lim |F, (x, )~ F(x)| =0 at all continuity points of

d
F(x), and F(x) is thelimiting distributionof x,. Symbolically: x, — x.

Thelimiting meanandlimiting varianceof x,are the mean and variance of the limiting distidnt
assuming these moments exist.

Often times (but not always..) the moments of itmitihg distribution ofx, are the ordinary limits of the
moments of the finite sample distributionxaf

Example Limiting distribution of t.; (Greene p. 1048)

Consider a sample sirdfrom a standard normal distribution. The populstatistic for a test of the
hypothesis that the population mean is zero isrgbye

b= where =23 (x-%)

Where (n-1) are called “degrees of freedom”. QYebis a sequence RV as it dependsonin this case
we actually know the exact (finite sample) disttibo of t,, ;:

f(t) = r(n—/z)z)((n -1) ﬂ)_1’2(1+ t—} (2)

r((n-1)/ n-1

This distribution has a mean of zero and a variaf¢a-1)/(n-3). The cdf is generically given by

¢ d
Foa(t)= J' f.1(X)dx. As n goes to infinityt,; converges to the standard normal, i,e, - n(0,1).

—00

Note thatlim0=0, and Iimn—_1 = 1, so here we have a case where the moments afttiag
n- oo n-ooo N —

distribution (i.e. the standard normal) are idaaitto the limit of the moments of the finite sampli
distribution.

See scripmodule3si1tor a graphical illustration of this example.

Greene p. 1049 (theorem D. 16) shows some impantéas for limiting distributions. Here is perhaps
the most important, sort of the analog to the &juheorem for Convergence in Probability:

If x, ® xand g(x,) is a continuous function thegl(xn)i a(¥.




Example:

d
We now know that,_, - n(0,1). How about the limiting distribution af ;? Based on the rule above
the limiting distribution will be that of the squaof a standard normal, which is ttta? distribution with

d
one DOF, i.et?, — chi’(1). SeeR scriptmodul e3s1b.

Most estimators used in practice are sequence manddables that converge in probability. This li@p
that their limiting distribution collapses to alepi which causes a dilemma, since we need a nonzero
asymptotic variance to derive key properties ofdsémator and perform hypothesis tests.

The way around this is to first perform stabilizing transformatioh(ST) of the estimator to a random
variable with a “well defined” limiting distributit  The most common ST is as follows:

ST(§)= z =J_r(é—p|imé):fr(é—e) @3)
d
This construct usually converges to a well defilveiting density, i.e.z, - f(z). An estimator (i.e. our

0 from above) with this property is called “root onsistent”.

To get from there to the “approximate limiting distition” or “asymptotic distributiohof 0 itself we
need to apply the (or, better, one of the manyieessof the)Central Limit Theorem(CLT, according to
Greene the “single most important theorem in eca@idns”..). For a scalar random variable, the
Lindberg-Levy CLBtates:

If X,%,, -, % constitute a random sample fr@amy pdfwith a finite mearys and variances®

n _ d X_/J d
andx=1>"x then/n(X-u)- norma(o,az) and \/_r( j_) normaf 0,]}.
i=1

g

Similar CLTs for scalars and vectors are given iagbe’s Appendix D.

(So remember the following: Laws of Large Numbeglgto Convergence in Probability, Central Limit
Theorems apply to Convergence in Distribution.)

SeeR scriptnmodul e3s1c for examples of stabilizing transformations.

Asymptotic Distributions

An asymptotic distribution of some estimatbiis the distribution used to approximate the true
(unknown) finite sample distribution. In econonety we generally derive asymptotic distributioys b

first deriving the limiting distribution of S'IA{), then applying a CLT. Specifically:



Scalar cas

o _ d d
If \/ﬁ[x ,u] — normal(0,1), then “approximately” or “asymptoticallyX — normal(,u,azl n) or,
o

a
equivalently, X ~ n(,u,a2 / n) :
Vector case:

N ~ d ~
If @ is an estimator for parameter vecmrand\/ﬁ(e —0) - n(O,V) then ein(e,%v).

The termiV is called the “aymptotic variance-covariance mattior, sloppily, “asymptotic

variance”), which | will generically label a4, (é) If the above holds we say thaatis “asymptotically

normally distributed” or &symptotically normél Also, if the asymptotic variance of any other
consistent, asymptotically normal estimator (dafl) exceeds/, (6) by a non-negative definite matrix,

0 is said to be asymptotically efficient.

Example:
We already know that the asymptotic variance ofMiu& estimator is the inverse of the information

matrix, i.e.Va(é) = (I (0))_1. It is also true thad is consistent (as we will show below) and

A a -
asymptotically normal. So togethd¥= n(e,(l (0)) l) . It can be shown that no other consistent,
asymptotically normal estimator has a “smaller’"rapyjotic variance, sé is also asymptotically
efficient. The smallest possible asymptotic var@is often referred to as tlieamer-Rao Bound (CRB)
So we can say that the MLE estimator achieves Rig.C

(Note: A “consistent” estimator is often also cdllasymptotically unbiaséd

Asymptotic Properties of the Least Squares Estimator

Even so we already know the finite sample propguifd, it's still important to also understand its
asymptotic qualities (since we often need to coman other estimators with unknown finite
properties).

Consistency of b
Assumeplim(£X'X ) =Q , a positive definite matrix. We can write

b=p+(XX)"X'e=p+(1XX)7 X (4)

Note that the 1/n terms cancel out, so mathembBtida last expression is truly equivalent to tinstfand
second. Now, using the Slutsky Theorem:

plimb =+ (plim (2X'X )~ plim (2X ) = £+ Q"*plim (£ X's) (5)



As shown in detail in Greene, Ch. 4, the plim & kst term is zero, thydimb =, i.e. b is consistent
for B.

Asymptotic Normality of b and the “Delta Method”

To derive the full asymptotic distribution bfwe first perform a stabilizing transformation.....

Jn(b-p)=(2xX) " £xX (6)

... and then apply a multivariate version of thelGtetails see textbook) to derive

b=n(p.£Q* 7

~n(p.<Q*) (7)

In practice the asymptotic variance is estimated gs) = s? (X'X )_1, which of course is the same

procedure we used for the finite variance. It barshown that? (X'X )_l is a consistent estimator for
2 ~-1

T

We can also note thhatwill be asymptotically efficient is we add the nality assumption for the error

term. This result flows form the fact that undermal errorsb =p,, ¢ , and MLE estimators are always
asymptotically efficient (i.e. achieve the CRB).

Estimating the Variance for a function of original estimates: The Delta Method and the
Krinsky-Robb procedure

Often times our ultimate construct of interest {patentially nonlinear) function of all or sometbg
elements ing, i.e. f (B). Using f (b) as the estimator fof (B), we can use the following asymptotic
result:

a , _of (B)
f (b)~n(f(B).r(V,(b))r") where T e €)
In practice, the asymptotic variance is estimated b
V,(f(b))=CV,(b)C' where C _ 9 (b) (9)

ob’'
This derivation is commonly referred to as tlbelta Method. It can be used for any asymptotically
normally distributed estimator, not just the OL8reator.

The square roots of the diagonal\f;f( f (b)) can then be interpreted standard errordor f (b) This
is usually the ultimate objective of applying thelta Method.

An alternative and asymptotically equivalent pragedo derive these standard errors is via sinanati
e.g. as suggested by Krinsky and Robb (1986). Krimsky-Robb (KR) methodorks as follows:



1. Take r=1..R (a large number, say 10,000) drawsefficient estimates from their asymptotic
distribution, i.e. fromb, ~ n(b,\?a(b)) .

2. For each case, compufe(b, ).

3. Examine the empirical variance-covariance matrixtiese draws. Use the diagonal to construct
standard errors.

For an empirical example of the Delta method & KRR scriptnodul e3s1d.
In that example, we have original estimated therestandard deviatiodr, along with its estimated
variancev(&) (the last row, last column element of the inveriedative Hessian). Assume you're

instead interested in an estimate of the erroawad, 2. You can use the Delta Method to obtain
standard errors for this variance:

In this (single-variable) case we have
f(5)=0°
6% _

C=—r=20

Q

V(6%)=26*V(6)*26=4(5)*V(5)

Analytical Example for the Delta method:

B b, _n)_
B=| 5 b=|b, f(B){'Bl/(lﬂ?z) ﬁg}
Bs b, vz
_ g, 0, O
f.(b /(1-b.) - A ‘11 912 913
f(b):{fz((b))_:{bl (bltZZZ) Q} Va(b): Oy 0Oy 0Oy

&31 &32 5-33

k) ) b [,

c=(HB)).| b b |
b’ ) | of,(b) of,(b) of,(b) ,

V,(f(b))=CV,(b)C

We would usually let the computer solve the fingiression. Note the dimensions: Hfisk by 1 and
f(b) has elements (i.e. ig by 1) ,C will be J by k, and/, ( (b)) =CV, (b)C" will be J by J.

Caveat:
Keep in mind that the Delta Method and KR procedureare asymptotic concepts — these methods
can be highly unreliable in a small-sample context!



